Introduction
The downwash angle gradient is an important parameter in the analysis of the aerodynamics and longitudinal stability of airplanes. It affects mainly the aircraft overall lift-curve slope and the position of the neutral point position which in turn defines the longitudinal static stability, control, and maneuverability.
The overall lift coefficient of an airplane is given by = with (Etkin & Reid, 1996) :
where is the lift-curve slope for the wing-body combination and is the ratio of the dynamic pressure acting on the horizontal tail to that relative to the wings.
In steady flight, the pitching moment coefficient is given by:
Where is the elevator deflection angle, and: 
Equations (1)- (5) show the importance of the downwash angle gradient ⁄ . The downwash field has been the subject of several research efforts reaching as far back as the late thirties of the twentieth century Silverstein, Katzoff, & Bullivant, 1939) . In fact, the only scarce data of practical use in the preliminary phases of aircraft design (Raymer, 2012; Roskam, 1979) , available in the academic world, is derived from the experimental data . This data is given in the form of charts for the downwash angle gradient at the centerline for unswept wings with aspect ratios of 6, 9, and 12, and taper ratios of 1, 0.33, and 0.2. In addition to the fact that no data is available for swept wings, the range of values is rather limited in terms of both aspect and taper ratio. Interpolation for other aspect and taper ratios is likely to introduce some additional error. In particular, if linear interpolation is used, the additional error will be somewhat limited when interpolating for taper but more important when interpolating for aspect ratio. This can be seen from Figure 2 where the variation of the downwash angle gradient with taper is close to linear but its variation with aspect ratio suggests that a higher order interpolation should be used. On the other hand, the widely referenced empirical law from the USAF-DATCOM (Hoak et al., 1978) was found by Levy (1992) and in the present work to often enough underestimate the downwash angle gradient. This is shown in Figure 3 where, for some cases, the discrepancy with regard to experimental values is not negligible. It can be as high as 27%. Since the charts (Raymer, 2012; Roskam, (a) (b)
give the downwash angle gradient on the centerline, the values were multiplied by a correction factor (Roskam, 1979) to get the average gradient across the horizontal tail span. Raymer, 2012; Roskam, 1979) .
( : experimental )
In Figure 3 , the parameters and are the coordinates of the horizontal tail aerodynamic center defined on Figure 4 . The previous considerations set the premise for the present study where the downwash angle gradient is accurately estimated for values of aspect ratio ranging from 4 to 12 and values of taper ratio going from 0.2 to 1.
The Curve Fit Approach
For straight and tapered but unswept wings, the new method was first introduced as a mere curve fit to experimental or numerical data of the form:
where ̅ = ⁄ , s being the wing half span. The three unknown constants 1 , 2 , and 3 in equation (7) were determined by solving a linear system of equations obtained by requiring that the curve representing the downwash angle gradient go through three arbitrary points of coordinates ̅ 1 , ̅ 2 and ̅ 3 . It was found that choosing ̅ 1 to be the abscissa of the first data element, ̅ 3 as that of the last data element and ̅ 2 as the abscissa of the middle element of the data set yields curves which fairly accurately match the experimental data. The three unknown constants are thereby solutions to the following linear system:
where = ⁄ .
Application to Experimental Data
The three constants needed to implement equation (7) have been computed for all cases given in the charts (Raymer, 2012; Roskam, 1979) which give the downwash angle gradient at the centerline ( ) and not its average over the horizontal tail span. First, for each pair of values of A and , five experimental values of ⁄ were accurately read from the charts using plot digitizing software at the five streamwise locations ̅ = 0.5, 0.75, 1, 1.25, and 1.5. Then the linear system (8) was set up using the three collocation points ̅ =0.5, 1, and 1.5. It was then solved for the constants 1 , 2 , and 3 . The values are given in Table 1 . Table 1 Constants c1, c2, and c3 for the Experimental Data (Raymer, 2012; Roskam, 1979) A = 6 A = 9 A = 12 ⁄ Roskam, 1979; Raymer, 2012) .
More results for straight as well as swept wings will be obtained using the VLM for a wider range of aspect and taper ratios.
Application to Numerical Values

Validation of the VLM computations
The vortex-lattice method used in this investigation is a singularity method which has been around for many decades and is well documented in the literature (Bertin & Smith, 1998) . A VLM code has been developed in the MATLAB environment and used to compute the downwash field aft of wings of arbitrary configurations. A lattice resolution of three chordwise rows and 24 rows per semi span was sufficiently accurate. Experimenting with the wake geometry, it was found that the choice which gave the closest agreement with experimental data was that of trailing vortex legs leaving the trailing edge as straight segments extending to infinity parallel to the local chord.
In order to validate our VLM computations, a first comparison is made with experimental values of ⁄ (Raymer, 2012; Roskam, 1979) . Sample results are given in Figure 7 for an aspect ratio of 9. Computations were also carried out for aspect ratios of 6 and 12. The agreement is quite satisfactory since the average relative difference between the VLM results and the experimental values at a typical distance aft of the wing quarter center chord ̅ = 1 is around 3% for all three aspect and taper ratios at ̅ = 0 ̅ = 0.1, and ̅ = 0.2. If each aspect ratio is looked at separately, the difference is equal to 3.5% for aspect ratios of 6 and 12 only about 2% for an aspect ratio of 9. A second comparison is made with experimental values of the downwash angle at the center line (Silverstein, Katzoff, & Bullivant, 1939) . As shown on Figure 8 , the agreement is quite good including the case of a 20° flap deflection, especially at typical downstream locations of the horizontal tail ( ̅ = 1).
( : experimental data)
Comparison of downwash angle values at the plane of symmetry given by the VLM and experimental ones (Silverstein, Katzoff, & Bullivant, 1939) .
The average relative difference is less than 2.5% for a ̅ between 0.7 and 1 and reaches 4.8% at ̅ = 1.5.
New Results Using the VLM
Since we have shown that the VLM results are accurate enough to be used in conceptual and preliminary design studies, more data for the downwash angle gradient can now be generated. Values of the three constants needed to evaluate the average downwash angle gradient for straight, tapered, and untwisted wings in the incompressible regime are given in Table 2 for values of aspect ratio ranging from 4 to 12 and values of taper ratio going from 0.2 to 1. These constants are based on average values of the downwash angle gradient over the span of the tail, which is equal to 40% of the wing's span. 
The General Case of Swept and Tapered Wings
The new empirical law for swept, tapered and untwisted wings is a generalization of the curve fitting approach previously applied to straight tapered wings except that constant c2 is replaced by a function of wing sweep and constant c3 is replaced by a function of the three main wing geometric parameters: aspect ratio, taper ratio, and sweep. The new law is of the form:
Where: Constants c1, c2, and c3 are the same constants given in Table 3 for an unswept, tapered and untwisted wing having the same aspect and taper ratios as the swept wing whose downwash angle gradient is to be determined. The main idea behind equation (10) was that the constant 2 had to be increased since the curve representing ⁄ tended to flatten out and rotate counter clockwise as the sweep angle was increased. Then the constant 3 had to be increased in order to translate the curve vertically downwards and make it match as closely as possible the set of values obtained by the VLM. While the adjustment of constant 2 was rather simple, that of constant 3 was by no means obvious and was achieved through trial and error with some intuition and a great deal of perseverance. Computations were carried out for aspect ratios ranging from 4 to 10, taper ratios of 0.2 to 0.8, and sweep angles of 20, 25, 30, 35, and 40°. At ̅ = 0 and 0.1, the maximum difference between the numerical values of ⁄ and those given by equation (9) was less than 3%. Figure 9 shows sample cases where the close agreement between the new empirical law and the numerical values is demonstrated. 
Example of Application
For illustration purposes, the downwash angle gradient is computed for sample cases of untwisted straight and swept wings. The first case chosen is a wing of aspect ratio and taper ratio equal to 9 and 0.2, respectively, and a horizontal tail which is located one half span behind the wing and zero distance above ( ̅ = 1 and ̅ = 0). For this case we have:
-The experimental value of ⁄ at the centerline (Roskam, 1979) is 0.464.
The average value is obtained by multiplying by a correction factor given in the same reference ( = ⁄ ≅ 0.9) to get ⁄ = 0.418.
-The curve-fit method consists in getting constants c1, c2 and c3 from Table 2 which are based on VLM computations: c1 = 0.99, c2 = 0.84 and c3 = 4.22 then applying equation (7) This differs from the experimental value by -6%. -The empirical law from USAF-DATCOM (Hoak et al., 1978) is: This differs from the experimental value by -17%. Further comparison between experimental values, the USAF-DATCOM empirical law, and the present approach is given in Table 3 . The cases considered were all for straight wings since no experimental data for swept wings was available. For the six cases considered, the average relative difference between the present approach and experimental values is 6.5% while the average difference between the USAF-DATCOM equation and experimental values is 12.3%. It is noted that the relative error between the present approach and experimental data has gone up from around 3% for the downwash angle gradient at the centerline, to slightly over 6% when the comparison was based on the average downwash angle gradient. This is explained by the error brought in by the correction factor (Roskam, 1979) which was used to compute the average downwash angle gradient from the gradient at the center line.
The second case chosen is that of swept wing of aspect ratio and taper ratio equal to 8 and 0.5, respectively, and a sweep angle at the quarter-chord line of 30°. The horizontal tail is located such that ̅ = 1 and ̅ = 0.1. For this case:
-Our newly developed empirical law is applied as follows:
Constants c1, c2 and c3 are obtained from Table 2 for an unswept wing of equal aspect ratio (A = 8) and taper ratio ( = 0.5). We get c1 = 1.34, c2 = 0.56 and c3 = 6.55. Therefore: We note that the empirical law from USAF-DATCOM (Hoak et al., 1978) gives ⁄ = 0.3. There is a relative difference of 20% with the value given by our empirical law.
On the Effect of Wing Washout
An attempt was made at including wing twist in the empirical law but the effort did not lead to any meaningful results. But it turns out, as shown in Figure 8 below, that this geometric parameter has limited effect on ⁄ . Comparing an untwisted rectangular wing to rectangular wing of equal aspect ratio and whose twist angle is = −5°, it is found that at a downstream distance ̅ = 1, the relative increase in the downwash angle gradient for the twisted wing varies between 0.4% for = 12 and ̅ = 0 and 3% for = 5 and ̅ = 0.2. The general trend is that the increase in ⁄ relative to the similar but untwisted wing is found to: -Decrease with aspect ratio: for rectangular wings with -5° twist, at a downstream distance ̅ = 1 and at a vertical offset ̅ = 0.1 for instance, the increase in ⁄ goes from 2.7% for A=5 down to 1% for A=12. -Increase with the horizontal tail vertical offset ̅ : for a rectangular wing of aspect ratio 8 and -5° twist, at a downstream distance ̅ = 1, the increase goes from 1% at ̅ = 0 to 1.9% at ̅ = 0.2.
-Vary very slightly with taper ratio: for wing of aspect ratio 8 and -5° twist, at a downstream distance ̅ = 1, the increase goes from 1.6% for = 1 to 1.8% for = 0.5.
Conclusion
A new approach for the estimation of the downwash angle gradient aft of a straight rectangular or tapered wing in the incompressible regime has been introduced and it has been shown that this law can accurately duplicate numerical as well as experimental values of this important parameter. Then an empirical law for trapezoidal swept and tapered wings has been devised and has shown good accuracy when comparing the downwash angle gradient values with those generated numerically using the vortex-lattice method.
It has not been possible to include wing twist in the newly introduced empirical law but it has been demonstrated that this parameter has very limited effect on the downwash angle gradient. The increase in downwash angle gradient with wing twist is found to be around 3% for wings with relatively low aspect ratio and a washout of 5°. This is for an aft tail location of one half wing span and the higher value of vertical position of 20% of the half span. The increase is even less important at higher aspect ratios and lower vertical positions of the horizontal tail.
